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Abstract. A novel continuum model is proposed to describe the deformations of a planar lipid bilayer
suspended across a circular pore. The model is derived within a new theoretical framework for smectic A
liquid crystals in which the usual director n, which defines the average orientation of the molecules, is not
constrained to be normal to the layers. The free energy is defined by considering the elastic splay of the
director, the bending and compression of the lipid bilayer, the cost of tilting the director with respect to the
layer normal, the surface tension, and the weak anchoring of the director. Variational methods are used to
derive the equilibrium equations and boundary conditions. The resulting boundary value problem is then
solved numerically to compute the fully nonlinear displacement of the layers and tilt of the lipid molecules.
A parametric study shows that an increase in surface tension produces a decrease in the deformation of
the lipid bilayers while an opposite effect is obtained when increasing the anchoring strength.

1 Introduction

Lipid bilayers constitute the base component of the cell
membrane. Due to their important role in cell biology,
lipid bilayers in various assemblies have been used in the
development of many bioinspired systems such as, for ex-
ample, drug delivery carriers [1,2], photovoltaic cells [3,4],
and biosensors [5—7]. Planar lipid bilayers have been suc-
cessfully employed as platforms for biosensors. The use of
these sensors has been, however, limited thus far to labo-
ratory environment since lipid bilayers are not stable and
robust enough to resist air exposure and contamination,
thermal and mechanical stresses during their transport,
storage, and use in real-world enviroment [8].

Planar lipid bilayers for biosensors are usually sus-
pended over single pores of micrometer and nanometer di-
ameter or over solid substrates with multiple pores. Their
lifetime and mechanical stability depends on the nature
of the substrate [9]. The solvent used together with the
lipid to form planar lipid bilayers remains trapped on the
border region of the substrate forming the so-called an-
nulus region, or Plateau-Gibbs border, which also affects
the stability of these lipid structures [10,11]. Thus, efforts
to improve the stability of planar lipid bilayers must be
directed on understanding their interactions with the sol-
vent and supporting substrates.

There has been a great deal of research on model-
ing the physical properties of lipid bilayers by employing
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molecular dynamics [12-15], coarse-grained models [16,17]
and continuum models [18-20]. Molecular dynamics simu-
lations are very powerful tools to study the microstructure
of lipid bilayers, especially their interactions with differ-
ent molecules and proteins. Due to current limitations in
computing power, molecular dynamics can only be used
to investigate phenomena that occur over length scales
of tens of nanometers or time scales of tens of nanosec-
onds [16]. Coarse-grained models are formulated by gloss-
ing over atomic details and, thus, are less computationally
expensive than molecular dynamics models.

Continuum models are preferred to simulate physical
phenomena over long length and time scales that are rel-
evant to many biological processes, experimental studies,
and real-world applications involving lipid bilayers. One
of the most successful continuum models for lipid bilay-
ers is the spontaneous curvature model proposed by Hel-
frich [21]. This model has been derived from the Frank
energy density for liquid crystals in which the normal to
the membrane, a, coincides with the director, n, which de-
fines the alignment of the constituent lipid molecules [22,
23]. It has been used by hundreds of researchers and, thus,
citing all the great research that has followed from Hel-
frich’s work is impossible. For example, Helfrich’s model
has been employed to study the deformations of lipid bi-
layers and their effects on channels and inclusions [24-27],
interactions between inclusions in lipid bilayers [28], pres-
sure effects [29].

As suggested by Helfrich [21], the tilt of the lipid mole-
cules should also be taken into account when studying
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Fig. 1. Planar lipid bilayer suspended across a circular pore.

the mechanics of lipid bilayers. In the last decade, few
investigators have incorporated the tilt of lipid molecules
in continuum models for lipid bilayers [30-34]. While the
continuum model proposed by May [32] is noteworthy
since it accounts for different types of energetic contri-
butions, it does not consider nonlinearities in the tilt and
layer displacement.

In this paper, the tilt and layer deformations of a cir-
cular planar lipid bilayer anchored to a solid substrate are
modeled by using a new theoretical framework for smec-
tic A liquid crystals in which the average alignment of
lipid molecules is not forced to be perpendicular to the
layers [35]. Unlike the model presented by May [32], the
tilt and displacement of the lipid bilayers are assumed to
be fully nonlinear functions. The proposed model accounts
for bending, compression, splay, and tension of the lipid
bilayers and their anchoring to the substrate over which
they are suspended. The model predictions agree quali-
tatively with experimental results that illustrate the dis-
tortions of planar lipid bilayer suspended over substrates
with pores of micro-meter size. Specifically, the deforma-
tions of the bilayer and the tilting of the lipid molecules are
pronounced in regions close to the boundary of the sup-
porting substrates and increase with increasing anchoring
strength and decreasing surface tension.

2 Model formulation
2.1 Theoretical framework

Consider a planar lipid bilayer suspended across a circular
pore (as schematically shown in fig. 1 of [9]). The lipid
bilayer can be assumed to have radial symmetry in the
direction of the r-axis about the central z-axis as shown
in fig. 1. Let S; be the top or bottom circular surface of
such a lipid bilayer with radius R, S its lateral surface, V
its volume, and 2h its thickness. The planar lipid bilayer
is assumed to be a smectic A liquid crystal in which the
local preferred alignment of the molecules is defined by a
unit vector n, the so-called director. The molecules form
a layer structure that can be described locally by a scalar
function 7 or, equivalently, by a unit vector a, which is
normal to the layer structure. Hence, a is related to n by
a=Vn/|Vn|.
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The following energy density, w4, previously proposed
for smectic A liquid crystals [35] and developed from the
models discussed in [36-39], is used to model the lipid
bilayer

1 1 1

wa=5K7(V- n)2+§Kf(V : a)2+§Bo(|Vn\—1)2\an‘2
1

+§Bl{1—(n-a)2}. (1)

The energy density w4 in eq. (1) is invariant under the si-
multaneous changes in sign n — —n and a — —a, which is
equivalent to invariance under the simultaneous changes
n — —n and Vn — —Vn. The first term on the right-
hand side of eq. (1) represents the elastic splay deforma-
tion of the director n while the second term describes the
bending of the layer; both K7* and K{ are positive elastic
constants. The third term is related to layer compression
and is an extended version of that which is known from
the classical descriptions of smectic A liquid crystals [40,
37,39]; By is the positive layer compression constant. The
fourth term accounts for the coupling between n and a
with the positive constant B; having dimensions of en-
ergy per unit volume: in an equilibrium state this energy
contribution is minimized when n and a are parallel. This
term can also be written as $B;(n x a)? as used in [38,39,
41], because n and a are unit vectors. The above model
does not exclude the possibility that n and a may coincide
at particular locations or regions.

For the planar lipid bilayer in the coordinate system
shown in fig. 1, the layer normal a can be written as

a(r) = —sindr + cosd z, (2)

where 6 = §(r) is the angle formed by the layer normal
with the z-axis and 0 < r < R. The director n has the
form

n(r) = —sinfr + cos 0 z, (3)

where 6 = 6(r) is the angle formed by the director with
the z-axis and 0 < r < R. Given eq. (2), the function n =
n(r,z), where 0 < r < R and 0 < z < h, describing the
layer structure can be found by solving the linear partial
differential equation defined by

Vi

A= @

By using the method of characteristics (see Walker [42] for
an example in smectics), the solution to eq. (4) is found
to be

n(r,z) = c(z —u(r)), ()
where ¢ is a dimensionless constant that reflects a change
in the layer thickness measured relative to the initial layer
thickness and u(r) is the nonlinear displacement of the
layer that is equal to

u(r) = /07“ tan(4(t)) dt. (6)

It must be emphasized that there is no assumption of
small displacement in eq. (6). Indeed, the displacement u
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is defined via n which is computed by solving the quasi-
linear partial differential equation (4) and, hence, can be
a fully nonlinear function. In a general mathematical de-
scription, 7 can be treated as an unknown function that
must be determined in the process of finding solutions
to the ensuing governing equations. A suitable choice of
ansatz for 7 can vastly reduce the complexity of the math-
ematics and, quite naturally, it depends upon the antici-
pated geometry of the system being modeled. In the par-
ticular geometry being considered here, it is appropriate to
select a form for 1 that is given by eq. (5), which is close to
the one that describes a locally planar Cartesian geometry
because the central part of the sample is predominantly
close to a planar alignment of the lipid bilayer.
It then follows easily from egs. (5) and (6) that
Vn=c(—tandt +2),

|[Vn| = csecd. (7)

By using eqs. (2) and (3), one can easily show that

V-a= —ldi(rsiné),

1d, .
~ 3 V~n777d—(rs1n0), (8)

9)
(10)

n-a=sinfsind + cosfcosd = cos(f — 9),

1—(n-a)>=1-cos*(f — ) =sin?(0 — 9).

Then, by using eqgs. (7) to (10), the energy density in
eq. (1) becomes

1,1 [ad, 1> 1 _,1[da . 1
wy = §K1 2 [dr(rsme)} + §K1r—2 {dr(rsmé)]

2
+1, (1 - COCS‘5> + 1B, sin2(0 - 9). (11)

2 2

The alignment of the lipid molecules at the surface Sy
is assumed to be determined by a competition between
the alignment of the molecules in the sample and their
preferred alignment at the boundary. The director is thus
assumed to be weakly anchored to the boundary and the
flexibility of the director alignment at the surface is con-
trolled by a finite anchoring strength that is linked to a
surface energy term. In order to consider such weak an-
choring of the director n on the surface Sy, the following
weak anchoring energy density, wg, in the form of Rapini-
Papoular [43,23] is employed:

1 1
wg = §To(nR x np)? = 57’0[1 — (ng - np)?, (12)

where ng = n(R) and n,, is the preferred alignment of the
director at the boundary surface as indicated in fig. 2. The
constant 79 which has the dimensions of surface tension
(Jm~2) measures the weak anchoring strength. The pre-
ferred alignment of the director at the boundary for the
planar lipid bilayer shown in fig. 1 can be expressed as

n, = —sin @, + cos 6,2, (13)
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Fig. 2. Symmetry of a planar lipid bilayer suspended across a
circular pore and coordinate system.

where 6, is a fixed angle. Moreover,

np = —sin Ozt + cos Oz, (14)
with g = 0(R). Hence, by calculations similar to those
used in egs. (9) and (10), one finds that 1 — (ng - n,)? =
sin?(0r — 6,) and therefore the weak anchoring energy
density equation (12) takes the form

1
ws = 5o sin?(0r — 6,). (15)

There is still an unresolved controversy on the exis-
tence (and meaning) of surface tension in planar lipid bi-
layers [44,20]. In this study, the energetic contribution of
surface tension, v, for the planar lipid bilayer is assumed
to be finite as previously considered by other investiga-
tors [45,25,26,20].

Finally, the total energy for the planar lipid bilayer
considered here is

W:/wAdV+/ 2’7d81+/ wgdSs. (16)
% S Sa

2.2 Equilibrium equations and boundary conditions

The equilibrium equations for the planar lipid bilayer can
be determined by minimizing the total energy given by
eq. (16) using variational methods [46]. Since § = 0(r) and
d = (), the minimization of eq. (16) over the planar lipid
bilayer can be reduced via symmetry to the minimization
of the same energy over a single planar lipid layer. Firstly,
one needs to note that in eq. (16)

dS; = |Vn|rdrde =secdrdrdg,
dV =rdrde¢dz.

dS, = Rdzdo,
(17)
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Then, the total energy of a single lipid layer can be written
as

R 27 h
W:/ dr/ dd)/ wardz
27 27
/ / 7|V77|rdrd¢—|—/ Rwg d¢
0

—27rh/ rwAdr+27T/ ~|Vn|rdr +27h Rws
0 0

R
:27r{/ (hrwA—i—cwrseC(S)dr—}—thS}. (18)
0

It is convenient to set w4 = rwa. A necessary condition
for the total energy W = W (r,0,0,0’,6"), where the prime
symbol denotes the first derivative with respect to r, to
have an extremum is that the Euler-Lagrange equations
are satisfied [46], i.e

%—;(%ﬁ?)-ﬁ-secétanér—O (20)
with boundary conditions

6;%4— 88%20, at r =R, (21)

aa% =0, atr=R, (22)

aa% =0, atr=0, (23)

86% =0, atr=0. (24)

The first of the above boundary conditions arises from
the usual balance of couple condition [23] while the re-
maining boundary requirements are the usual natural
boundary conditions that can be identified by a straight-
forward application of the theory of the first variation [46].
From the physical point of view, the system will compete
between weak anchoring conditions and the internal align-
ment and it is this interplay that is reflected in the appro-
priate mathematical balance at equilibrium that leads to
the balance of couples condition (i.e., the natural bound-
ary condition). By using egs. (11) to (15), the equilibrium
equations (19) and (20) can be rewritten as

1
K7 [cos2 0(ro" +6') — - sin @ cos 6 (1 + 7’29’2)}

—Byrsin(d — ) cos(d — 6) =0, (25)
1
K¢ [cos2 §(ré” +6) — =sindcosd (1 + 7“25'2)]
r
_a secdtandr — Borsind (1 — COS(S)
h c
+Byrsin(f — §) cos(6 — ) =0, (26)
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where the double prime symbol denotes the second deriva-
tive with respect to r.

Similarly, the boundary condition (21) can be rewrit-
ten as

sin 0

2K7{ cosfr [ B 4 cos 939’(1%)} +7osin(2(0r — 0,)) =

27)

Substituting eq. (15) into the boundary condition (22)
leads to

—~

K{ cosdp {sm Or + cosdr (5’(R)] =0, (28)
with dp = 0(R). From eq. (28), it follows that
1
§'(R) = —— tandg. (29)

R

Again, for the form of weak anchoring energy (15), the
boundary condition (23) becomes
K7 cos6(0)sin6(0) = 0. (30)

Since 0(0) # F4F forn =1,2,3,.
tion (30) implies that

., the boundary condi-

9(0) = 0. (31)

Similarly, after substituting eq. (15) into the boundary
condition (24), one obtains

5(0) = 0. (32)

The previous equilibrium equations (25) and (26) and
boundary conditions (27), (29), (31) and (32) can be non-
dimensionalized by using the following set of constants:

W FT B K w

"V By’ T By’ KD K
N _cyh - R _h
T_E’ a_ﬁv R_E’ m_Xv (33)

where A is the typical length scale with dimensions of the
layer [40]. The equilibrium equations (25) and (26) in non-
dimensional forms are, respectively,

1
[cos2 o0 +0') — - sin @ cos 6 (1 + 7"29’2)}
—m?2Bsin(f — ) cos(d — §) = 0, (34)
1
K [cos2 5 (F6" + 6" — - sindcosd (1 + 7“25’2)}

cos 0

—m?7sin§ (1 - > +m?B7sin(f — §) cos(f — 9)

C

—afsecdtand =0, (35)
where the prime and double prime symbols now denote the
first and second derivatives with respect to 7. The bound-
ary conditions (27) and (28) at 7 = R in non-dimensional
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Table 1. Typical values of material parameters.

Parameter Value Unit Reference
K}, K{ 5x 1072 N [23]

Bo, B1 8 x 10° Nm™2 [53]

To 1073 Nm™! [54]

¥ 1.5 x 1073 Nm™! [53]

h 2.5 x107° m [55]

R 107* m [9]

0p /6 rad [47]

forms can be written as

2cosfr SH};R +cosOp0'(R)| + Tsin(2(0r — 6,)) =0,

(36)

_ 1
¥ (R) = —Etan&g, (37)

while the boundary conditions (31) and (32) in non-
dimensional form at 7 = 0 are

0(0) = 0,
5(0) = 0.

(38)
(39)

The nonlinear displacement of the layer introduced in
eq. (6) can be rewritten as

u(r) = ha(r), (40)

where 4(7) is the dimensionless displacement given by

7

u(r) = / tan g dr. (41)
0

Note that § and 6 that appear in the above dimensionless

equations are computed over dimensionless 7.

3 Results

The above nonlinear system of equations and associated
boundary conditions have been solved numerically using
Maple 12 (Maple Inc., Waterloo, Canada). Typical values
for the material parameters used for the numerical im-
plementation are stated in table 1 and the corresponding
values of the dimensionless parameters are B =1, k = 1,
T=25x10"2, a=75x10"", R=4x10% and m = 1.
The constant ¢ describing the expansion/compression of
the lipid bilayers has been assumed to be 1 because it is
anticipated to be close to unity, despite a lack of exper-
imental information as to what its exact value may be.
These base values have been used for computations ex-
cept for any individual parameter that is allowed to vary
in the graphs that are displayed below. The value of R
has been chosen to be close to that used by Ries et al. [9].
In all cases, it is assumed that m = 1 because the length
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Fig. 3. The effects upon the dimensionless displacement
w(7) = u(r)/h due to varying the dimensionless anchoring
strength 7 are shown in (a) and (b) while those due to changing
the surface tension « are shown in (c¢) and (d).

scale A\ will always be approximately close to molecular
dimensions [40]. The preferred alignment of the director
at the boundary, 6, has been fixed at 7/6; this value is
actually determined by surface and interface properties
and this particular value has been reported for smectic A
samples [47].

Figure 3 shows solutions for the layer displacement
4(r) for selected values of the anchoring strength 7 and
surface tension «, the remaining material values being
fixed at their typical base states. Figure 3(a) shows @(7)
in units of the half-width, h, of the bilayer for low and
high values of the anchoring strength (7 = 10~7, 1071, 1)
while, for comparison, fig. 3(b) shows solutions for what
are anticipated to be more realistically physical relevant
values (7 = 1072, 1072, 107!). For high anchoring magni-
tudes the layer displacement is greatest and at the bound-
ary it is approximately 0.4 of the bilayer half-width h
when 7 = 1; for values below 7 = 1072 the layer dis-
placement appears to be less than 1% of the bilayer half-
width. Moreover, it can be observed that, as the anchor-
ing strength approaches zero, the weak anchoring bound-
ary condition (27) reduces to the no anchoring boundary
condition [23]. Without anchoring the lipid bilayer is free
to distort at the boundary and presents many changes in
curvature. Solutions for low and high values of the sur-
face tension (o = 1075, 1073, 10) are shown in fig. 3(c)
with medium range values (o = 1072, 107!, 1) displayed
in fig. 3(d). It is evident that changing the surface ten-
sion has a more dramatic effect over a larger domain on
the layer displacement than the corresponding changes in
the anchoring strength. The medium value of o = 1072
leads to a layer displacement that can be of the order
of a bilayer half-width. Extremely small magnitudes of «
can lead to excessively large layer displacements near the
boundary, as seen in fig. 3(c). It is also noted that the
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width of the boundary layer effect, the region over which
there is greatest change in the plotted variables, is on a
length scale of the order of ten bilayer half-widths as 7
varies, whereas the boundary layer extends much more as
« varies, as much as several thousand bilayer half-widths
for extremely small magnitude surface tension.

Motivated by the numerical solutions presented in
fig. 3, the key characteristics of the layer displacement and
orientation angles for the director and layer normal are
best indicated through their corresponding boundary sur-

face values at ¥ = R. Figure 4(a) shows the surface angles
0r and 0 for the director alignment and layer orientation
at the boundary surface, respectively, and fig. 4(b) shows
the corresponding layer displacement 4(R) at the bound-
ary. These quantities are seen to increase as the magnitude
of 7 increases. The results for surface tension, displayed

on a horizontal log scale for clarity, are shown in fig. 5,

where it is clear that 0, dg and 4(R) are most sensitive
to values of surface tension in the range 1073 < o < 1071,

It is has been suggested on physical grounds [36] that
By should typically be of the order of By or smaller. The
results in fig. 6 happen to be in line with this suggestion
since it is shown that the boundary surface values fg,
dr and 4(R) vary most when B = By/By < 1. Figure 7
shows a similar effect when the anisotropy in the elastic
constants k = K¢/K7J is smaller than unity, which in-
dicates that a smaller layer bending modulus leads to a
greater layer displacement and greater orientation angles
at the boundary surface.

The European Physical Journal E
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4 Discussion

In this paper, layer and tilt deformations of circular pla-
nar lipid bilayers are studied in the context of the recent
nonlinear theory for smectic A liquid crystals proposed
by Stewart [35] in which the decoupling between the di-
rector and the normal to the smetic layers is taken into
account. The novel features of this study are represented
by the four key contributions to the energy density, w4,
stated in eq. (1) and the weak anchoring energy of the di-
rector mentioned in eq. (12). As discussed in sect. 2.1, the
terms connected to K7* and K{ are directly related to the
usual splay of the lipids and bending of the lamellar layer
structure, respectively. The contribution due to compres-
sion is reflected in the By term while the decoupling of
the average alignment of the lipids away from the normal
to the lipid bilayer is described by the By contribution, a
term first presented in [36] and exploited recently in the
context of liquid crystals [38,39,48,41,49]. The introduc-
tion of weak anchoring in the context of lipid bilayers is
novel and has also been applied recently [48] to a model of
smectic A liquid crystals for the energy densities similar
to the one discussed here. The coefficient 7y is a measure
of the anchoring preference of the director to be parallel
to a prescribed director surface alignment, directly related
to the physical boundary conditions. It is well known that
surface treatments in liquid crystals usually result in a
preferred director alignment at the boundary that is not
actually achieved because of competition with alignment
preferences for the director away from the surface. It is
this competition between alignments at the surface and
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away from it that creates the novel results that have been
presented above in a nonlinear model formulation, espe-
cially in the description of the lipid bilayer displacement at
the boundary, a feature that has been reported frequently
in the literature [10].

The explicit expression for the layer displacement u(r),
given by eq. (6) and derived from an analysis of the layer
function 7, is a particularly prominent result: it allows the
computation of the nonlinear layer displacement across
the complete sample. This result, for a radial geometry, is
analogous to that for planar geometries that was derived
recently [49], a result that was anticipated by the numeri-
cal solutions of Anderson and Leslie [50] for planar aligned
smectic liquid crystals.

The incorporation of surface tension in the total energy
of lipid bilayers is still a subject of debate [51,44]. In this
study, the surface tension is assumed to be finite as sug-
gested by Brochard et al. [45] and can be interpreted as a
chemical potential [20]. As expected, the results presented
in figs. 3(c), (d) demonstrate that the deformation of the
lipid bilayers drastically increases as the surface tension
approaches zero becoming almost unrealistic.

The predictions of this theoretical study agree qual-
itatively with optical observations indicating the distor-
tions of a lipid bilayer at its rim. The radius of the lipid
bilayer for the boundary value problem considered here
has been taken to be 100 ym in order to simulate the ex-
perimental setup presented by Ries et al. [9] where the
lipid bilayer is formed over a single pore through a sili-
con substrate and imaged by using polarization-resolved
second-harmonic generation microscopy (refer to fig. 1 of
their manuscript). The numerical solutions capture the
experimentally observed deformations in the proximity of
the boundary but not their prolonged effect over almost
half of the radius. Such effect is due to the presence of sol-
vent trapped between the lipid bilayers and the supporting
substrate. Indeed, recent work by Malmstadt et al. [52] in-
dicate that the extension of the annulus region decreases
significantly for solventless lipid bilayers (refer to fig. 3 of
their manuscript). It is possible that the introduction of
two interfacial tensions between the lipid bilayer and an-
nulus and between the annulus and substrate need both to
be considered to model the extended annulus region [10].
Because the values of these interfacial tensions and the
values of all the parameters reported in table 1 are un-
known for the specific lipids used in the experiments by
Ries et al. [9] and by Malmstadt et al. [52], a quantitative
and direct comparison between the proposed model and
the experiments cannot be carried out.

Lipid bilayers are not static structures and undergo
thermal fluctuations. Thus, future modeling efforts will
focus on analyzing thermal fluctuations within the new
dynamic theory for smectic A liquid crystals proposed
by Stewart [35]. Based on previous findings [34], it is ex-
pected that the mathematical models will be able to de-
scribe short-wavelength fluctuations better than the Hel-
frich model since they account for the tilt of the lipid
molecules with respect to the layer normal.

One aspect that may be of interest, which has not been
considered, is the effect of van der Waals forces on the tilt
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and layer deformations of lipid bilayers [56]. The angle
formed by the lipid film in contact with the solvent, the so-
called contact angle, and the thinning process of the film
have been shown to strongly depend on the van der Waals
interactions [57,58]. For this reason, future studies by the
authors on the dynamics of lipid bilayers will incorporate
these forces.

The authors would like to thank the Referees for their valu-
able comments which have greatly improved the quality of the
manuscript.
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